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a b s t r a c t
We introduced the so-called Cournot-like models, i.e. n-dimensional discrete dynamical
systems which constitute the mathematical environment for modeling some economic
and biological processes. The main aim of this work is to present a characterization of
the dynamical simplicity for these types of systems through the property ‘‘to have zero
topological entropy’’. Cournot-like systems generalize the well-known economic situation
of competition in a duopolistic market introduces by Cournot in 1838.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction and statement of the main result
Let X be a compact metric space and φ from X into itself be a continuous map (φ ∈ C(X)). The pair (X, φ) is called the
discrete dynamical system generated by φ on X . When X = I2 (I = [0, 1]), there exists a class of maps D ⊂ C(I2) such
that the systems generated by its elements constitute the mathematical environment for describing a very well-known
economic production process called Cournot duopoly (see for instance [1–4] or [5]). The maps belonging to the classD are
called Cournot maps and they are of the form φ(x, y) = (φ1(y), φ2(x))where φi ∈ C(I), i ∈ {1, 2}.
Duopoly is an intermediate situation betweenmonopoly and perfect competition, and analytically is amore complicated
case. The reason for this is that oligopolist must consider not only the behaviors of the customers, but also those of the
competitors and their reactions.
In order to have information about the economical situation previously described, these discretemodels has been studied
fromdifferent points of viewwith the aim of describing their dynamical behavior (see for example [6,7] [8] or [9,10] and [11]
for a numerical approach).
Specifically in [12], a topological characterization for their dynamical complexity was given. This result is exactly the
generalization for maps onD on one hand of the one-dimensional Misiurewicz theorem (see [13], (1)⇔ (2)) and on other
hand of certain results proved by Sharkovskiı˘ in the sixties (see [14], (1) ⇔ (3) ⇔ (4)). By Sn(·), Per(·), h(·), UR(·), Rec(·)
and AP(·) we respectively denote a stratification set, the set of periods of periodic points, the topological entropy and the sets
of uniformly recurrent, recurrent and almost periodic points (in the next section we provide all definitions).
Theorem 1 (Misiurewicz, Sharkovskiı˘). Let φ ∈ C(I). The following properties are equivalent:
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(1) h(φ) = 0,
(2) the period of any periodic point is power of two,
(3) UR(φ) = Rec(φ),
(4) AP(φ) = {x ∈ I : limn→∞ φ2n(x) = x}.
While dynamic properties of duopolies have been extensively studied, adjustment dynamics in Cournot processes with
more than two players has received much less attention as a consequence of the difficulties which appear for studying
systems with dimension higher than two.
The aim of this paper is to obtain a topological characterization of the property ‘‘to have zero topological entropy’’ (i.e., to
have a simple dynamics) for the case of Cournot-like maps with an arbitrary number of components. A continuous map φ
from In into itself belongs toDn if it is of the form:
φ(x1, x2, . . . , xn) = (φσ(1)(xσ(1)), . . . , φσ(n−1)(xσ(n−1)), φσ(n)(xσ(n))),
where φi ∈ C(I), i ∈ {1, 2, . . . , n} and σ is a cyclic permutation of the set {1, 2, . . . , n}. Each element of Dn is called a
Cournot-like map of order n.
To have such characterization is important because discrete dynamical systems generated by maps onDn model some
economic and biological processes.
For example, assume that there exist n (n ≥ 2 integer) firms producing an identical good. In each step of the process,
the responses of the firms, in terms of the production, are simultaneous and they depend on the production of a rival firm
(only one) in the last step. This production process is mathematically modeling using discrete dynamical systems of the
form (In, φ) where φ ∈ Dn ⊂ C(In). Note that in this situation there exist n firms where the information that a firm has
about the current production levels of the other firms, is incomplete. More precisely, in these economic interaction, each
firm can only observe the production level of only one other firm. For instance, you can imagine that firms are located along
a circle, and that each of them observes the production level of its right neighbor. Having no information at all about the
current production levels of the other n − 2 firms, each firm assumes that these n − 2 firms produce the same quantity as
is produced by his neighbor.
On the other hand, the following biological situation is modeling as well using discrete dynamical system generated by
Cournot-likemaps for n equal to four. In the African savanna four different animal species live together having the following
eating habits. The Specie number one (Sp1) eats the upper part of the grass which is fresh and soft. The second one eats the
grass at the level which has been left by Sp1. I.e., Sp2 eats the central part of the grass leaving only small green stems of it. On
the contrary, Sp3 eats this small rest of grass left by Sp2 keeping on the land only the grass roots. Finally, Sp4 eats the roots.
Of course, each specie having the previous eating habits has developed a tooth system which allows it to eat only grass for
a certain height level. Thus, it is clear that the number of members of each specie is essential for the survival of the other
ones. E.g., if there is nomembers of the Sp3, then there is no grass roots and the members of Sp4 have no food for eating and
they would disappear. Therefore, the population level of these four species is modeled by the iteration of a discrete system
of the form
φ(x1, x2, x3, x4) = (φ4(x4), φ1(x1), φ2(x2), φ1(x1))
where φi are continuous interval maps.
The importance of the processes modeled by Cournot-like maps has been stated. Our main result allows us to check, in
an relatively easy way, if the dynamics of a discrete system based on a map φ living onDn is simple or not.
Main Theorem. Let n ≥ 2 be an integer and φ ∈ Dn not the identity. The following properties are equivalent:
(1) h(φ) = 0,
(2) the period of any periodic point is power of two,
(3) UR(φ) = Rec(φ),
(4) AP(φ) = {z ∈ In : limn→∞ φ2n(z) = z}.
In view of Main Theorem, a problem which remains open, is the case of an economic situation with n firms where
each firm observes the current production level of all the remaining n − 1 firms. For this general Cournot map with global
interaction, the adjustment dynamics corresponds to discrete systems based on maps from C(In). To obtain a topological
characterization of zero entropy for these kinds of systems seems far from being solved, even in the case n = 2. The main
reason could be that we do not have yet, enough information on the periodic structure and ω-limit sets for the reactions
functions which are maps from In to I .
2. Notation
Let φ ∈ C(X)where X is a compactmetric space. For every x ∈ X and every integer n ≥ 1, we define φn(x) = φ(φn−1(x))
andφ0 as the identitymap onX . A point x ∈ X is said to be periodic byφ if there exists a positive integer n such thatφn(x) = x.
The smallest of the values m satisfying the previous condition is called the period of x. By P(φ) and Per(φ) we respectively
denote the sets of all periodic points and the periods of all periodic points by φ. For an x ∈ X , we define the ω-limit set ω(x, φ)
J.L.G. Guirao, R.G. Rubio / Journal of Computational and Applied Mathematics 233 (2009) 1091–1095 1093
of x by φ as the set of all y ∈ X such that there exists a sequence of positive integers {nk}∞k=0 holding φnk(x) → y where
k → ∞. Let Rec(φ) be the set of recurrent points of φ, i.e., the set of all x ∈ X such that x is an accumulation point of
{φn(x)}∞n=0. A set M ⊆ X is called minimal by φ if it is non-empty and it does not contain proper closed subsets N holding
φ(N) = N . By UR(φ)we denote the set of uniformly recurrent points of φ, i.e., all recurrent points with minimalω-limit sets.
Finally, by AP(φ)we denote the set of almost periodic points, that is, points x ∈ X such that for every neighborhood E = E(x)
of x, there exists a nonnegative integer N = N(E) such that φkN(x) ∈ E , for every k ≥ 0.
For the sets of points previously defined which are involved in our main result, the following relations hold (see [14]):
P(φ) ⊆ AP(φ) ⊆ UR(φ) ⊆ Rec(φ). (1)
In N ∪ {2∞}, where 2∞ is only a symbol, we consider the following ordering:
3>s 5>s 7>s · · ·>s 2 · 3>s 2 · 5>s 2 · 7>s · · ·>s 22 · 3>s 22 · 5>s 22 · 7>s · · ·
· · ·>s 2m · 3>s 2m · 5>s · · ·>s{2∞}>s · · ·>s 2j>s 2j−1 > · · ·>s 22>s 2>s 1.
In 1964, A.N. Sharkovskiı˘ (see [15]) established for continuous maps on the unit interval the following well-known result.
Theorem 2 (Sharkovskiı˘). Let f ∈ C(I). Then, the set Per(f ) is either S(m) = {k : m>s k} ∪ {m} with m ∈ N or S(2∞) =
{2i : i ∈ {0, 1, 2, . . .}}. Moreover, for each m ∈ N ∪ {2∞}, there exists f ∈ C(I) such that Per(f ) = S(m).
This result is strong because only under the hypothesis of continuity, the existence of a certain period m for f implies the
appearance of any period placed below m in the Sharkovskiı˘ ordering. Unfortunately in general, it is not true in higher-
dimensional spaces. Nevertheless, for maps onDn, n ≥ 2, in [16] is presented their periodic structure using a refinement of
the Sharkovskiı˘ ordering.
Definition 3. Let n ∈ N andm ∈ N ∪ {2∞}. We define the stratification set of orderm as
Sn(m) =
{





where for k, n ∈ N, k | n denotes that k is a divisor of n and gcd(k, n) denotes the greatest common divisor of k and n.
It is clear that k>sm implies Sn(m) ⊆ Sn(k) and
Sn(m) =
{









for n ∈ N andm ∈ N ∪ {2∞}.
Theorem 4 (Balibrea–Linero). Let n ≥ 2 be an integer and φ ∈ Dn. Then there exits m ∈ N ∪ {2∞} such that Per(φ) is either
Sn(m) or Sn(m) ∪ {p : p | n}, Per(φni ) = S(m) for every i ∈ {1, 2, . . . , n} and Per(φ) 6= Sn(m) if and only if φni possesses at
least two different fixed points. Moreover, if ℘ is either Sn(m) or Sn(m)∪{p : p | n} for some m ∈ N∪{2∞}, there exists φ ∈ Dn
such that Per(φ) = ℘ .
Theorem 4 gives us a big information on the periodic structure of Cournot-like maps. On the other hand, the dynamics of
amap onDn is closely relatedwith the dynamical behavior of the composition of some of its componentmaps. For example,
if n = 2 and φ(x, y) = (φ2(y), φ1(x)), then
φ2k(x, y) = ((φ2 ◦ φ1)k(x), (φ1 ◦ φ2)k(y)) (2)
and
φ2k+1(x, y) = ((φ2 ◦ (φ1 ◦ φ2)k) (y), (φ1 ◦ (φ2 ◦ φ1)k (x))) . (3)
For n = 3 and φ(x, y, z) = (φ2(y), φ1(x), φ3(z))we have
φ3k(x, y, z) = ((φ3 ◦ φ2 ◦ φ1)k(x), (φ1 ◦ φ3 ◦ φ2)k(y), (φ2 ◦ φ1 ◦ φ3)k(z)) (4)
and
φ3k+1(x, y, z) = ((φ3 ◦ (φ2 ◦ φ1 ◦ φ3)k) (z), (φ1 ◦ (φ3 ◦ φ2 ◦ φ1)k) (x), (φ2 ◦ (φ1 ◦ φ3 ◦ φ2)k) (y)) . (5)
In a similar way we can extend this property to higher dimensions.
3. Proof of the main result
We can assume without loss of generality that n = 3 and the Cournot-like map is of the more general form φ(x, y, z) =
(φ2(y), φ1(x), φ3(z)), i.e. given by a permutation σ : {1, 2, 3} → {1, 2, 3} such that σ(i) 6= i. The case where σ(i) = i is
reduced to the result in dimension n− 1. For n > 3 the arguments are the same but with a more tedious writing process.
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Proof of the Main Theorem. (1) ⇒ (2) By [17], h(φ) = h(φ3 ◦ φ2 ◦ φ1) = h(φ1 ◦ φ3 ◦ φ2) = h(φ2 ◦ φ1 ◦ φ3) = 0. By
Theorem 1, φ3 ◦ φ2 ◦ φ1, φ1 ◦ φ3 ◦ φ2 and φ2 ◦ φ1 ◦ φ3 have only periodic points with period power of two. By (4) and [17],
P(φ) = P(φ3 ◦ φ2 ◦ φ1) × P(φ1 ◦ φ3 ◦ φ2) × P(φ2 ◦ φ1 ◦ φ3) = P(φ3) and φ must have only periodic points with period a
power of two.
(2)⇒ (1) By (4) and [17], φ3 ◦φ2 ◦φ1, φ1 ◦φ3 ◦φ2 and φ2 ◦φ1 ◦φ3 have only periodic points with period power of two.
By Theorem 1 and [17], h(φ) = h(φ3 ◦ φ2 ◦ φ1) = h(φ1 ◦ φ3 ◦ φ2) = h(φ2 ◦ φ1 ◦ φ3) = 0.
(1) ⇒ (3) By [17], h(φ) = h(φ3 ◦ φ2 ◦ φ1) = h(φ1 ◦ φ3 ◦ φ2) = h(φ2 ◦ φ1 ◦ φ3) = 0, UR(φ) = UR(φ3) ⊆
UR(φ3 ◦ φ2 ◦ φ1)× UR(φ1 ◦ φ3 ◦ φ2)× UR(φ2 ◦ φ1 ◦ φ3) and Rec(φ) = Rec(φ3) ⊆ Rec(φ3 ◦ φ2 ◦ φ1)× Rec(φ1 ◦ φ3 ◦ φ2)×
Rec(φ2 ◦ φ1 ◦ φ3). According to (1) and the previous properties we shall show Rec(φ3) ⊆ UR(φ3). Let (x, y, z) ∈ Rec(φ3).
We distinguish different cases: (a) ω(x, φ3 ◦ φ2 ◦ φ1), ω(y, φ1 ◦ φ3 ◦ φ2) and ω(z, φ2 ◦ φ1 ◦ φ3) finite; (b) ω(x, φ3 ◦ φ2 ◦ φ1),
ω(y, φ1 ◦ φ3 ◦ φ2) finite and ω(z, φ2 ◦ φ1 ◦ φ3) infinite (the relevant fact of this case is the existence of an ω-limit set
finite and other infinite, the other possibilities holding this property are proved in an analogous way) (c) ω(x, φ3 ◦ φ2 ◦ φ1),
ω(y, φ1 ◦ φ3 ◦ φ2) and ω(z, φ2 ◦ φ1 ◦ φ3) infinite. Indeed, (a) if x is a periodic point of φ3 ◦ φ2 ◦ φ1, y is a periodic point of
φ1 ◦ φ3 ◦ φ2 and z is a periodic point of φ2 ◦ φ1 ◦ φ3, then according (1) and [17], P(φ) ⊆ UR(φ). (b) Now, let x and y be
periodic points of φ3 ◦ φ2 ◦ φ1 and φ1 ◦ φ3 ◦ φ2 of periods 2n and 2m, respectively, and ω(z, φ2 ◦ φ1 ◦ φ3) infinite. Let U
be and open neighborhood of (x, y, z). By [12, Proposition 3.1], for any neighborhood V3 of z there exists a positive integer
l ≥ max{n,m} such that φ2 ◦φ1 ◦φ2l(1+2k)3 (y) ∈ V3 for all k ∈ N. Let V1 and V2 be open neighborhood of x and y, respectively.
Then φ2
l+1(1+2k)(x, y, z) = (x, y, (φ2◦φ1◦φ3)2l(1+2k)) ∈ V1×V2×V3 ⊂ U and therefore (x, y, z) ∈UR(φ3). Similar we prove
the cases of having infinite and finiteω-limit sets. (c) Suppose thatω(x, φ3 ◦φ2 ◦φ1),ω(y, φ1 ◦φ3 ◦φ2) andω(z, φ2 ◦φ1 ◦φ3)
are all infinite. Following the proof of Propositions 3.3–3.5 of [12] we obtain (x, y, z) ∈ UR(φ3).
(1) ⇒ (3) If UR(φ) = Rec(φ), then by [17], UR(φ3) = Rec(φ3) which implies UR(φ3 ◦ φ2 ◦ φ1) = Rec(φ3 ◦ φ2 ◦ φ1),
UR(φ1 ◦ φ3 ◦ φ2) = Rec(φ1 ◦ φ3 ◦ φ2), UR(φ2 ◦ φ1 ◦ φ3) = Rec(φ2 ◦ φ1 ◦ φ3). Then, by Theorem 1 we conclude h(φ) =
h(φ3 ◦ φ2 ◦ φ1) = h(φ1 ◦ φ3 ◦ φ2) = h(φ2 ◦ φ1 ◦ φ3) = 0.
(1)⇔ (4) If h(φ) = 0, then h(φ3 ◦ φ2 ◦ φ1) = h(φ1 ◦ φ3 ◦ φ2) = h(φ2 ◦ φ1 ◦ φ3) = 0 and by Theorem 1, we obtain
AP(φ3 ◦ φ2 ◦ φ1) = {x ∈ I : lim
n→∞(φ3 ◦ φ2 ◦ φ1)
2n(x) = x},
AP(φ1 ◦ φ3 ◦ φ2) = {y ∈ I : lim
n→∞(φ1 ◦ φ3 ◦ φ2)
2n(y) = y},
AP(φ2 ◦ φ1 ◦ φ3) = {z ∈ I : lim
n→∞(φ2 ◦ φ1 ◦ φ3)
2n(z) = z}.
Note that AP(φ) = AP(φ3) = AP(φ3 ◦ φ2 ◦ φ1)× AP(φ1 ◦ φ3 ◦ φ2)× AP(φ2 ◦ φ1 ◦ φ3) (cf. [17]). Then, by (4)
AP(φ) = {(x, y, z) ∈ I3 : lim
n→∞φ
2n(x, y, z) = (x, y, z)}.
The converse implication is analogous and the proof is over. 
4. Conclusions
For n > 2, n integer, Cournot-like models are introduced as a special kind of n-dimensional discrete dynamical system.
The importance of these systems is stated by showing different situationswhere they are themathematical models for some
economic (generalization of the classical Cournot economic situation) and biological processes. Using the notion of having
zero topological entropy and other equivalent properties we present a result which allows us to check if the system has or
not a simple dynamics.
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